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ABSTRACT: A linear least-squares method is described for fitting conventional light-scattering data (Kc/Rs) on
macromolecular solutions to a polynomial in the concentration ¢ and scattering angle function x = sin? (§/2). Terms
through ¢2 and x3 and a cross term cx are included on the basis of goodness of fit tests showing that such terms are
significant in practice. A least-squares program LS3 evaluates the molecular parameters and their standard devia-
tions, including shape and polydispersity parameters which are determined by the coefficients of x2 and x3. The
method is applied to real data on poly(LysZ) in dimethylformamide and to simulated data for particles of known
molecular parameters to test the range of applicability. Systematic errors which become significant for large parti-
cles because of the polynomial approximation are evaluated for rods and random coils. For treatment of large parti-
cles a nonlinear least-squares program NLN is described which finds an optimum fit of observed data to scattering
functions calculated exactly for various trial shapes. The method is shown to distinguish the shape and to give ac-
curate molecular parameters for simulated scattering data on rods.

Computer analysis of light-scattering data has been the
subject of several recent studies!™* and one review® which
describe methods for obtaining greater precision and accu-
racy in the desired molecular parameters with greater ease
than is obtained by the traditional graphical methods.
These studies have made use of linear least-squares meth-
ods to fit the scattering function K¢/Ry to a polynomial of
the form

KC/Rg = i i aklckxl (1)

k=01=0

where K is an optical constant, ¢ is the weight concentra-
tion, Ry is the Rayleigh ratio at scattering angle 6, and x =
sin? (6/2). The coefficients ax; are found in the fitting pro-
cess, and are related to the molecular parameters. The vari-
ous treatments have differed primarily in the degree as-
signed to the polynomial, expressed in (1) by m and n.
Thus Evans et al.! applied the case m = 2, n = 1, and omit-
ted the cross terms on theoretical grounds. Bryce? treated
the case m = n = 2, and omitted all cross terms except c2x,
citing theoretical grounds for inclusion of the latter term.
Miller and Stepto?® treated the case m = n = 2 more gener-
ally, using the fit to experimental data to determine which
cross terms should be included. These authors found that
the need for cross terms varies from one set of experimen-
tal data to another. Mijnlieff and Coumou* used a fitting
procedure in which data extrapolated to zero concentration
are fitted to a polynomial in x, and found that terms
through x2 are needed to fit certain data on polymer solu-
tions.

Attempts in this laboratory to apply similar procedures
to light-scattering data on synthetic polypeptides have led
to the conclusion that none of the polynomials recommend-
ed by previous authors is entirely satisfactory for these sys-
tems due to the omission of cross terms or of terms higher
than x2. The purpose of this paper is to illustrate the use of
statistical criteria to select the optimum terms from a poly-
nomial of the form in (1) to fit real data. We investigate the
magnitudes of both random and systematic errors in mo-
lecular parameters arising from the use of this fitting pro-
cess. Simulated data for molecules of known size and shape
and with known levels of random noise are used as test
cases. In addition, we suggest here a nonlinear least-
squares method that is sometimes helpful both in eliminat-
ing the systematic errors present in the polynomial fit and
in determining the particle shape and polydispersity

Selection of Polynomial Terms
Zimm® and Bryce? have obtained the expression

Kc/Rs = 1/MP(8) + 2As¢ + [3435Q1(8) +
4APMP(O)[(1 — P(O)]}e2 +... (2)

where M is the molecular weight, P(6) is the particle scat-
tering factor, Q1(6) is a scattering factor due to intermolec-
ular interference, and A, and As are the second and third
virial coefficients, respectively. On the other hand, Flory
and Bueche? obtained for Gaussian chains

KC/Rg = l/MP(B) + 2A2Q2(6)C + {3A3Q3(0) +
4A2M[P(6)Q2%(0) — @3(D)]lc2 + ... (8)

where Q2(8) and Q3(8) are other intermolecular scattering
factors. A comparison of (2) and (3) shows that the nature
of terms involving both ¢ and x is different in the two. Par-
ticularly, the term cx is absent in (2) but present in (3), if
Q2(8) is regarded as a power series in x. This distinction
arises from the inclusion of higher order intermolecular
contacts in the treatment of Flory and Bueche, as opposed
to the single-contact approximation in Zimm’s treatment.
Since it is not usually known in advance which level of ap-
proximation is suitable for a given system, we adopt the
view here that the need for cross terms, as well as other
terms, should be determined by the goodness of fit of vari-
ous polynomials to experimental data.

The selection of the optimum set of independent vari-
ables to use in a regression program is an often encoun-
tered, much discussed problem in statistics, and various
approaches are possible. A paramount consideration, how-
ever, is the choice of the “basic” set of terms containing all
of the terms that are believed to be possibly necessary for
the explanation of the data. This set of terms must be ob-
tained from one’s knowledge of the origin of the data, its
physical meaning, and past experience with less refined
(e.g., graphical) methods in the analysis of similar data.
The fact that our polynomial set is a Taylor series expan-
sion of (2) or (3) in powers of ¢ and x with possible cross
terms, and our knowledge that the power series of P() con-
verges slowly, leads to the consideration of all of the fol-
lowing terms:

constant, ¢, x, ¢2, x2, x3, x4 x5 cx, cx2, c2x, c2x2  (4)

The problem now is to choose from among these terms
the optimum subset which contains only those terms that
contribute significantly to the reduction of the residual
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sum of squares. The minimum sum of squares is obtained,
of course, by retaining all of the terms, but this is unsatis-
factory because the ¢t values (the estimated value of a coef-
ficient divided by its standard deviation) become exces-
sively small even for the terms which are known to be im-
portant. There are various approaches to this problem. A
brute force method, for example, would involve selecting
those terms that we “know” to be important and perform-
ing regressions over all of the remaining possible combina-
tions of terms. In our case, we might say that the first three
terms must always belong to the optimum subset and
therefore calculate the regression for the 2° possible combi-
nations of the remaining terms. This would be relatively
costly in computer time and would still leave a large ele-
ment of subjectivity in choosing the best subset(s).

Mallows® and Hocking and Leslie® have described a
method for finding “good” subsets which is relatively fast
and more objective by an algorithm based on the standard-
ized total squared error, which is estimated by a statistic
Cp, given by

Cp=RSS,/62+2p —n ®)

where p is the number of terms in the model under consid-
eration, &2 is the residual mean square obtained by fitting
the full model (which is used as an estimate of ¢2), RSS,, is
the residual sum of squares associated with the p variate
regression, and n is the number of data points. The “good”
models will be those which have C,, about equal to p.

The Statistical Laboratory of Iowa State University has
developed a program, MOUFLON, for analyzing data based
on this approach. When executed in the “Hocking” mode
the program will print out the several resulting subsets of
terms for which C, = p, together with various other statis-
tical information, such as the values of the parameters and
the goodness of fit.10 This program can also analyze the
data by three other useful methods, descriptively called se-
quential deletion, forward selection, and stepwise regres-
sion.

The first step of the program is to compute the “univar-
iate Cp’s” (the value of Ci-1 where & is the total number of
independent terms available for inclusion in the regression)
for each of the possible terms. These univariate Cp’s are
then used to rank the terms (a large C»—; means that the
term is important) and then a sequential deletion proce-
dure is used to derive the several subsets of terms that
yield C, = p. Each of these several subsets of terms gives
values for the coefficients ap; which yield the desired mo-
lecular parameters. The variation in the values so obtained
would give a good indication of the sensitivity of the fit to
inclusion or exclusion of certain terms. This variation is
often larger than the standard deviations obtained by the
method of linear least squares, which is due only to scatter
in the data about the values predicted by a single (more or
less arbitrarily selected) set of terms.

MOUFLON was used in this way to analyze the light-scat-
tering data on seven polymer systems in order to see if any
general statements could be made about the order of im-
portance of the terms. The systems included the four sam-
ples of poly(LysZ) described below, two samples of poly-
(styrene) in toluene described in ref 1 and 3 (molecular
weights 2.6 X 10% and 5.9 X 105), and a sample of copoly-
ether in acetonitrile (molecular weight 9.7 X 105) for which
data were supplied by Dr. W. Miller (personal communica-
tion). The information produced is extensive and need not
be described here in detail. The average univariate C,
values for the seven samples, shown in Table I, are suffi-
cient to justify a few generalizations. As might be expected,
the Cp’s are largest for the terms ¢ and x, while the terms
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cx2 x4, ¢2x2, x5 and c? are relatively unimportant in con-
tributing to good fits. The constant term is always regarded
as significant in this treatment. The most novel conclusion
is that the cross term cx, which presumably contains some
physical information which can be fairly reliably obtained,
is relatively important. This was also confirmed in the ob-
servation that this term was always included in the “good”
subsets of terms for individual polymer samples.

The use of MOUFLON is an approach which might yield
different optimum subsets of terms for different data sets.
An approach of such generality is, however, not always nec-
essary. We have found it useful for routine analysis to have
a linear least-squares program, entitled LS3, which uses
the fixed set of terms

constant, ¢, x, cx, x2, x3, and c? (6)

The above results from MOUFLON for representative sys-
tems guided the choice of these terms, except that ¢? was
retained in spite of its low univariate C, because of other
examples where it was known to be important. This For-
tran program is therefore able to obtain values for all the
molecular parameters My, 5., Az, As, R4 Rg (defined
below), and their standard deviations. It also automatically
constructs a Zimm plot showing the experimental and cal-
culated curves by using the SIMPLOTTER subroutine devel-
oped at the Iowa State Computation Center. The plotting
constant used for the abscissa of the Zimm plot is taken as
0.8/¢ max, Where ¢ay is the maximum concentration in g/ml.
As usual, the program minimizes the function

$8Q = J_i/‘,l wify(xsei) = vi]? (7

where y denotes Kc/Rs, (ci,x;,y;) is the ith data point of
weight w; (usually taken as one), and y(x;,c;) is the value of
y calculated from (1) using the terms in (6) with x = x; and
¢ = ¢;. In the linear least-squares method,!! a set of linear
equations in the ag; is obtained and solved by matrix inver-
sion. Variances and covariances of the ag; are given by the
elements of the inverted matrix, and are used to calculate
the standard deviations of the molecular parameters using
the theory of small error propagation.'? We have used a
separate program to process raw instrument readings (and
to perform reflection, refraction, and volume corrections)
to produce the data in a format suitable for input to LS3
and other programs. The corrections for anisotropic polar-
izabilities, absorption, and fluorescence are assumed to be
negligible. The analysis of data by means of LS3 is de-
scribed in the following sections.

Shape and Polydispersity Parameters

The coefficients of the higher powers of x in (1) contain
information about the shape and polydispersity of the so-
lute molecules. To extract this information we start with
the power series expansion of P(8) for a polydisperse sys-

tem:13
82 Bt — 88 —
P =1-=(r2 B raye2 =2 78y .3

6 =1 3!(r)x+5!(r>x 7!(r)x +... (8
where 8 = (4n/\’), N is the wavelength of light in the medi-
um, and r is the distance between the elements of mass in a
single molecule. Angular brackets denote an average over
the pair distribution for a single molecule and a bar de-
notes an appropriate average over the molecular weight
distribution. For the nth moment of the pair distribution
this average is

7y = Bt j; T MM (rhydM ©)

where f(M) is the weight fraction distribution of species
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Table 11T
Data Obtained from Light Scattering of Poly(LysZ) in Dimethylformamide Using LS3
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g/mol
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coo
+HOH
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SN
O

04+02

HoHH

49+ 0.6

0.23 £ 0.01
0.24 + 0.05
0.33:0.01

019 + 0.02

0.64 + 0.08
052+ 047
0.44 + 0.05
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444+ 2.3
—21 + 48

218+ 15

2.38 + 0.30
4.67 £ 0.14

3.24 + 0.10
242+ 1.8

580 + 27
360 + 26

591+ 19

+
1.52 + 0.02
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Macromolecules

with molecular weight M and M., is the weight-average mo-
lecular weight. By inserting the inverse of (8) into (2) or (3)
and using the coefficients defined in (1) we obtain the fol-
lowing molecular parameters.

Mw = aOO_—1 (10)
(r?) = 25,72 = 68 %ag1a00™" (11)
Ri= (/)2 = 139 (1-aoaaor®  (12)

—_— = 70
Re=(r)/(r?)3 = 3 (1 = 2ap0a02201~2% + aco®acsac: ~%)

(13)
A2 = 010/2 (14)
A3 = 020/3 (15)

Equations 10 and 11 express the conventional means of de-
termining M, and the root-mean-square radius 5. The di-
mensionless quantities R4 and Rg defined by (12) and (13)
depend on the particle shape and polydispersity, but not on
the absolute size. We consider next conditions under which
one might simply separate the shape and polydispersity in-
formation in R4 and Rs.

We assume, first, that the weight fraction is expressed by
a lognormal distribution function:14:15

f(M) = exp(—22/2v?)/(27)1/2M~ (16)
where
z = ln (M/M,) 17

and where v is the polydispersity parameter and M, is the
geometric mean molecular weight. It is common practice to
express the polydispersity by the ratio M,/M,, where n de-
notes the number average. It can be shown that M/M, =
exp(y2); hence v = 0 represents a monodisperse system.
The assumption of lognormality should be expected to give
results well within the limits of experimental error (unless
the distribution is multimodal or otherwise “ill behaved”),
partly because the lognormal can be a good approximation
to other unimodal, positively skewed distributions,'® but
also because distinguishing between distributions would re-
quire the measurement of the normalized third and fourth
moments about the mean.!” Even when the distribution is
directly accessible, this requires rather accurate, uncen-
sored, and untruncated data. The lognormal is adopted
here primarily because it is mathematically convenient and
because its properties have been well characterized.!®

Second, we assume that all solute molecules are geomet-
rically similar. One consequence of this assumption is that
the following quantities, which are single-particle analogs
of R4 and Rg, are constants for all solute molecules:

b4 == (r4)/(r2)? (18)
de = (ré)/(r?)3 (19)

Another consequence is that
(r?) = kM= (20)

where k and « are constants for a given shape. (For exam-
ple, = %, 1, and 2 for solid spheres, random coils, and
thin rods, respectively.) It follows that (r*) « M2~ and (r®)
« M3a‘

Defining the ith moment of the molecular weight distri-
bution as

my = j; Mif(M)AM (1)

we find from (9), (12), (13), (18), and (19)
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Ry = ¢paM mogi1/m o1’ (22)
Rg = ¢peMumaat1/ma+:® (23)
For the distribution (16) we have, from (21),
m; = M, exp(i2y2/2) (24) -
In particular,
M, =m; = M, exp(v?/2) (25)
Inserting (24) and (25) into (22) and (23) we find
Ry = ¢4 exp(y%a®) (26)
Re = ¢6 exp(3v2a?) 27)

We define a “shape factor”$ by eliminating the polydis-
persity parameter v between (26) and (27):

8§ =Re/R43 = ¢o/d4° (28)

Thus § is a dimensionless number which depends only on
shape and can be determined from experimental data via
(12), (13), and (28). When the shape is known, ¥ can be
found by solving (26) or (27). This method of separating
the shape and polydispersity information is applicable
when the above assumptions are valid and when coeffi-
cients of terms through x3 in (1) are accurately determined.
Equation (28) holds exactly when the polydispersity is log-
normal and is approximately true when it is T distributed.
For a relatively broad distribution (e.g., M/M, =~ 2) it is
not very accurate for distributions other than the lognor-
mal, but is a good approximation for any distribution
which is relatively narrow.

The values of 8 for various shapes are given in Table II,
as calculated from the pair distribution function or from
the series expansion of P(#).!° The values for § are seen to
vary by less than a factor of 2, and therefore it is of interest
to determine whether the coefficients of x2? and x3, re-
quired for the experimental determination of §, can be
found accurately enough in practice to be useful. Program
L83 has been designed to examine this possibility.

Application of Ls3

Program LS3 has been used to analyze light-scattering
data on poly(LysZ) (LiysZ = ¢-carbobenzoxy-L-lysine) in di-
methylformamide solution with 4360-A light. The experi-
ments have been previously reported.?® The results are
given in Table III. These are somewhat at variance with the
results for M., and 5, obtained graphically,2° but in most
cases the discrepancies are small. The two higher molecular
weight samples (K and J) give S values within the range
given in Table I. The standard deviations should, of course,
be interpreted with caution since these do not include ef-
fects of systematic errors arising either from the experi-
ments or from the polynomial approximation, though the
latter errors are small (see below).

Because of the large uncertainties often found in Rg and
8, the method described above for obtaining shape infor-
mation is not always successful. T'o gain added informa-
tion, program LS3 includes the following analysis of the M
and p, data in terms of quantities related to the particle
density for three trial shapes (rods, spheres, and coils),
making use of information on polydispersity contained in
R, We find from (9), (11), (20) and (21)

1. =
P2 = Eka_lm\+a (29)

For thin rods & = 1/65%, where 6 is the linear density. Thus
(24), (25), and (29) give
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Table IV
Comparison of P(6) Calculated Exactly and by Third
Degree Polynomial Approximation for Random Coils
of Various Sizes

s=1 s=2 s=3 -
f,deg Exact Approx Exact Approx Exact Approx
30 0.9780 0.9780 0.9164 0.9163 0.8260 0.82567
50 0.9430 0.9430 0.7990 0.7983 0.6253 0.6103
70 0.8988 0.8988 0.6747 0.6677 0.4592 0.3110
90 0.8522 0.8521 0.5677 0.5333 0.3468 —0.331
110 0.8093 0.8088 0.4865 0.3834 0.2765 —1.64
180 0.7743 0.7732 0.4304 0.2132 0.2340 —0.3966
M
5= > exp(3y2/2) (30)
121725, p(3y
For solid spheres k = (6/5)(3/4wd)?/3, where d is the densi-
ty. Thus
3\3/2 y3\ M
d=(3)" (5) TEexpisv?s6) (31)
5 47/ p,3

For random coils & = «.2b2/3M,, where a. is the expansion
coefficient, b is the effective length per segment, and My is
the molecular weight per segment.?! Thus

acb = (6Mo/M,)'%, exp(—v2/2) (32)

The value of v is calculated for each of the shapes from the
measured value of R4 using (26). As an illustration, the
data for poly(LysZ) sample K give 6(rod) = 319 dalton/A,
d(sphere) = 1.12 X 1073 g/em3, and a,b(coil) = 28.8 A,
using My = 263. The value of § is of a reasonable magni-
tude, while those for d and a.b are unrealistic, suggesting
that the molecules more nearly resemble a rod than a
sphere or random coil. It was found previously?® that a
flexible rod shape best fit the light scattering and other
data for poly(LysZ). The present results are not inconsist-
ent with this conclusion. The value of § found for sample K
is intermediate between the rod and coil values (Table II),
though the experimental uncertainty is too large to permit
an estimate of the degree of flexibility from this quantity
alone.

In order to explore the effects of noise, polydispersity,
and size upon the accuracy of parameters obtained by LS3,
a program was also written to generate simulated light-
scattering data based on the exact expression for P(6) rath-
er than the first few terms of its series expansion. The pro-
gram carries out the integration in the calculation of P(6)
numerically for the shapes rod, coil, or sphere using the log-
normal distribution for the molecular weight and superim-
poses any desired level of Gaussian noise. Data generated
by this program using various molecular parameters,
shapes, and noise levels were then analyzed by LS3 and the
molecular parameters given as output were compared to
those used in the simulation. As expected, the parameters
Aj, Az, and a;; were always given accurately when the
noise was negligible, but systematic errors appeared in the
coefficients of the powers of x™ (n = 0 to 3) when the size of
the particles increased beyond a certain point. The reason
for this is simply that higher terms that have been omitted
in eq 8 become important for large particles. The power se-
ries is accurate only when the particle size and/or the angle
6 is sufficiently small. This effect has been clearly de-
scribed previously. On the other hand, the various forms
for P(8) can be distinguished only for data in which terms
at least through x2 are significant.

Since terms only through x3 are considered in LS3, the
effect of the slow convergence of P(6) on the values ob-
tained for M,, and p, is worthy of consideration. Table IV
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Table V
Results Obtained by Fitting Simulated Data for Monodisperse Random Coils by Program L83
s (true) s (found) JWW Ez VA R, R, 8
1.0 0.9997 199998 260.0 2.4865 10.05 0.6537
3.0 3.080 201665 801.0 2.770 14.87 0.7000
5.0 6.010 226032 1563 3.249 22.12 0.6451
7.0 9.696 270187 2522 3.3221 23.17 0.6321
9.0 13.596 310371 3536 3.3313 23.30 0.6304
11.0 17.434 337752 4534 3.3328 23.33 0.6301
True values: 200000 260s (true) 2.500 10.500 0.6720

Figure 1. Correction factors for My, and p, vs. size parameter for
coils with polydispersity ¥ = 0 and 0.4, applicable to measure-
ments in the 30-150° angular range. The size parameter s given by
L83 is used as the abscissa while the true values used in the simula-
tion were integers from 1 to 11 at points indicated by circles. No
noise was added to the simulated data.

shows a comparison of values of P(8) for a random coil cal-
culated by the exact formula and by the expansion in eq 8
with terms through x3. The size is expressed by a dimen-
sionless size parameter s defined by

s = 4mg(o/N) (33)

where p is the single-particle root-mean-square radius and
& has the value %!/2 for solid spheres, 21/2 for thin disks, 1
for random coils, and 3!/2 for thin rods. Exact expressions
for P(#) expressed as functions of sx!/2 are available for
these shapes.!® From the results in Table IV we would ex-
pect LS3 to give a good fit with accurate values of the mo-
lecular parameters when s < 1, while for s > 2 systematic
errors may be introduced due to the neglect of terms higher
than x3.

The extent of this error in the various parameters is seen
in Table V, which gives the results obtained from LS3 ap-
plied to simulated light-scattering data on monodisperse
random coils of various sizes. The data were calculated
using the exact form of P(6) at intervals of 20° in the range
30° < 6 < 150°. As expected, the errors become significant
for s greater than about 2. If one had data for particles of
unknown size and polydispersity but krown shape one
could conceivably use results such as these to correct the
values found by LS3 in a convenient way through a “correc-
tion factor”, f, defined by

f = (true value of parameter)/(value found by LS3) (34)

rod

0.8t

O? 1 ! { i L { L 1

s(LS3)

Figure 2. Same as Figure 1 for thin rods.

This quantity is plotted in Figure 1 for coils and in Figure 2
for rods as a function of the value of s found by Ls3. If the
polydispersity can be estimated, then use of the correction
factors can result in considerable improvement in the esti-
mates of the molecular parameters obtained by LS3. The
correction factors in Figures 1 and 2 apply strictly only to
data which cover the angular range 30--150°. This is true
regardless of the wavelength of light used because the par-
ticle scattering factor is a function of only s sin (6/2). The
systematic error introduced by LS3 results from the slow
convergence of the power series for P(9) and from the ab-
sence of data at angles sufficiently low to establish the
lower terms in the series more accurately. If data at lower
angles were available, the correction would be corre-
spondingly smaller. These results also demonstrate the
well-known fact that the use of longer wavelengths for large
particles can reduce systematic errors in the quantities
which depend only on the lower terms in the expansion of
Kc/Rs. The values given by LS3 for the shape factor § for
these same simulated data sets are shown in Figure 3.

The use of correction factors as described here is limited
to cases where the shape is known so that a comparison
with simulated data can be made. Perhaps a more generally
useful conclusion from this study of simulated data is a
statement of the limits on particle size below which a pro-
gram such as L83 produces a systematic error less than a
desired limit. Table VI shows these limits for errors in M,
and p, for rods and coils when scattering measurements
cover the angular range 30-150°. It is seen that p./A” must
be less than a few tenths to obtain reasonable accuracy in
M, and p,, and that the size limits are larger for polydis-
perse systems than for monodisperse systems. For the poly-
(LysZ) samples in Table IIT p./X does not exceed 0.28.
Thus the systematic error in My, and p, for these samples is
less than 5% for either a rod or a coil shape.
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Table VI _ _
Values of p, /\' below which the Errors in M, and p:
Obtained by LS3 are Less Than the Specified Limits

Coil Rod
Errpr =0 v=0.4 v=0 Y=04
limit, — — — —-
% M p .My, p; M P M, p;
5 0.32 0.25 0.41 0.32 0.24 021 0.36 0.26
10 0.39 0.32 0.51 0.43 0.26 0.23 0.37 0.33
20 049 045 0.70 0.71 0.27 0.47 0.45
T T T T T T T
Fsphere
08 r 7
r—disk
07 :Jcoil y=0 7
8 =04 col
06 N
05 T
04 R
| 1 |
B 5 oz i

s(LS3)

Figure 3. Shape factor given by LS3 vs. size parameter given by
Ls3 for coils and rods. The same simulated data as in Figures 1 and
2 were used. The true values of § are shown on the ordinate for the
common shapes.
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Figure 4. Zimm plot generated by LS3 for simulated data for poly-
disperse rods with s = 8, ¥ = 0.4, random noise of 0.5% in Kc/Ry.
Assumed coefficients: ajg = 4.00 X 1074 ¢cm?® g=2 mol; ag = 0.100
em® g=3 mol; a1 = 3.00 X 107* em® g~2 mol.

Figure 4 shows a Zimm plot generated by 1S3 applied to
simulated data for polydisperse rods with s = 8 and v =
0.4. An rms random noise level of 0.5% was introduced in
the ordinate. The smooth curves were calculated using the
least-squares parameters. Even though a good fit to the
data is obtained, it is seen from Figure 2 that there is a sys-
tematic error of 8% in M,, and 16% in p, for this system.
The standard deviations found by LS3 are 4.0% for M., and
3.6% for p..

Nonlinear Least Squares

A method of avoiding the whole problem of the slow con-
vergence of the power series expansion of P(f) for large ¢ or
large particle size is to use a nonlinear least-squares model

Table VII
Parameters Obtained by NLN Applied to Simulated Light-Scattering Data for Polydisperse Rods

Trial shapes

Rod Coil Sphere
Av Av Av
dev, dev, 10-¢ dev,
10-6‘100 s 0% 10'2SSQ % 10"3‘,09 s v 10'?SSQ % a,, s v 10'388Q %

I
Input 4.84 8.22 0.37 3.9 5.20 4.14 0.64 1265 540 3.60 2.0 36
Output 4,95 8.01 0.39 0.3 0.38 6.13 3.89 0.97 4.7 2.1 543 4.18 25 17.1 4.0
True values 5.00 8.00 0.40 Noise = 0.5%

1I
Input 4.50 8.40 0.32 2.5 5.40 4.00 0.90 14.4 5.40 3.30 2.0 132
Output 5.09 7.94 0.38 0.3 0.36 6.17 3.66 0.93 4.8 2.1 b5.41 4.15 25 17.3 4.0
True values 5.00 8.00 0.40 Noise = 0.5%

III
Input 471 8.36 0.35 7.5 4.99 4.27 0.64 1182 496 3.31 148 590
Output 4.91 7.55 0.32 1.1 0.73 5.88 3.92 0.94 4.8 2 5.36 4.24 2.47 16.6 3.9
True values 5.00 8.00 0.40 Noise=1%

v
Input 5.089 5.66 0.35 0.29 5.09 3.27 0.66 232 5.09 2,53 1.50 405
Output 5.05 5.84 0.38 0.002 0.05 5.46 3,24 0.94 0.8 1.0 6.18 2.78 1.55 7.4 3.1
True values 5.00 6.00 0.40 Noise =0

v
Input 5.50 4.40 0.44 66 5.02 2.26 0.69 20 5.02 1.75 1.53 149
Output 5.04 3.91 0.38 0.002 0.05 5.06 2.19 0.87 0.1 0.1 5.13 2.38 1.62 095 1.3
True values 5.00 4.00 0.40 Noise=0
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fitting approach which would use the various exact forms of
P(6)~! to calculate and minimize the sum of squares SSQ of
the difference between the experimental data and the cal-
culated values. We have written such a Fortran program,
called NLN, which is able to carry out the least-squares fits
for three representative shapes (spheres, rods, and coils)
which are lognormally disperse. Because of the complicated
form of P(6)~!, which involves an integration over the poly-
dispersity, it is not possible to utilize the gradient of the
function being minimized in order to find the minimum
value and the associated molecular parameters. A slower
algorithm is unavoidable and we use the subroutine
ZXPOWL,2223 which finds a local minimum of a function
of N variables.

Since LS3 finds the coefficients of ¢, ¢2, and cx with suffi-
cient accuracy it is necessary only to vary My, 5., and v to
carry out the minimization. The program NLN reads the
experimental data, trial values of the parameters 1/M,, s,
and v for each of the shapes to be tested, and a1o, aso, and
a1 obtained by Ls3. The number of iterations to be carried
out and a number used to stop the iterations if the im-
provement in the fit is not increasing significantly must
also be specified as input. At each iteration the current best
value of the parameters and SSQ is printed out so that the
convergence can be followed. About 10 iterations generally
suffice to decrease SSQ and change the parameters to
values sufficiently close to the best values that little is
gained by further iterations. The cost is several times as
large as for Ls3. Although one might expect to distinguish
the various shapes for the larger values of s and to derive
estimates of the polydispersity by a program of this sort, it
should be recognized that it has all of the usual disadvan-
tages of any nonlinear program: it is more costly, requires
reasonably good estimates of the input parameters, and can
find false minima which may require some judgement to
recognize.

Table VII shows some results of the use of NLN to “de-
duce” the shape and polydispersity of the scattering parti-
cles using simulated experimental data with various noise
levels for polydisperse rods of various sizes. Examples I and
11 were carried out on the data shown in Figure 4, using dif-
ferent sets of input trial values. As expected, the fit is much
better for the rod than for the coil or sphere, judging from
the magnitudes of SSQ or the average deviations obtained
with the output parameters. These examples show that the
trial parameters converge to values very close to the correct
values when the trial shape is correct, and that this conver-
gence is relatively insensitive to the input parameters. Ex-
ample ITI shows that it is still possible to distinguish the
shape on the basis of goodness of fit when the noise level is
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doubled to 1% in the same system treated in examples I
and II. Examples IV and V illustrate results for smaller
particles (smaller s) with no noise in the simulated data.
The goodness of fit is best for the rod shape in these cases
as well; however, the SSQ and average deviations for the
coil and sphere trial shapes would not be considered large
for typical experimental data, and it seems likely that noise
would tend to obliterate the distinction among shapes by
this approach in these cases.
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